Abstract: In this paper, based on the conformal mapping method and the perturbation theory, we develop a method to solve the statistical problem within general 2-dimensional regions. We consider some examples and the numerical results and fitting results are given. We also give the thermodynamic quantities of the general 2-dimensional regions, and compare the thermodynamic quantities of the different regions.
Introduction
In this paper, we develop an approach to solve the statistical problem of an ideal gas in general 2-dimensional regions based on the conformal mapping method. Using the conformal mapping method and perturbation theory in Ref. [1] , we calculate the spectrum of the ideal gas, and then we provide the partition function of the ideal gas on a general 2-dimensional region.
It is difficult to solve the statistical problem within a general 2-dimensional region. The calculation of the partition function requires the spectrum of the ideal gas. In order to calculate the spectrum of the ideal gas in a general 2-dimensional region, we should consider a quantum billiard problem, which is defined as a region of space where a point particle is able to move freely, not being allowed to escape. We should calculate the eigenvalue of Schrödinger equation in this case. For a general 2-dimensional region, the calculation is very difficult. In fact, the exact solutions only exist for some special case, such as rectangular region, circular region [2] , etc. We expect to develop an approach that can solve the statistical problem of the ideal gas with in a general 2-dimensional region based on some of these exact solutions.
There are some different approaches that have been developed to solve the Schrödinger equation within general 2-dimensional regions, you can get a review of this problem in the Ref. [2] . Among these approaches, the conformal mapping method is the most pronounced method, which is map the original region onto a given region by a conformal transformation [1] . The boundary condition can be simplified by the conformal transformation, but the equation of motion become complicated. Further calculation of the eigenvalues requires the use of perturbation theory. So based on the approach elaborated in Ref. [1, 3, 4] , we can calculate the eigenvalue on the general 2-dimensional region. Using the spectrum of the ideal gas, we can obtain the partition function of the ideal gas.
The conformal mapping method is very important in mathematical physics. We know, that if the transformation is a holomorphic function defined on a region of the complex plane, then the transformation is a conformal map, which maps each point belonging to the region specified onto another region. With the conformal mapping method, we can often simplify some physical problems. Now, we briefly review the conformal mapping method. Let us consider a Laplace equation over a 2-dimensional region D,
with Dirichlet boundary conditions. The points of the region D are denoted by z (x, y). According to the Riemann mapping theorem [5] , we can map the region D onto a given region Ω with simple boundary by a conformal transformation ω = f (z), i.e.
where z = x + iy. Under the conformal transformation, the equation transformed as
3) Because the transformation ω = f (z) is a holomorphic function, u (x, y) and v (x, y) satisfy the Cauchy-Riemann condition, i.e. With Cauchy-Riemann condition, the equation on the new region can be simplified,
Obviously, this is still a Laplace equation, except for a conformal factor |f ′ (z)| 2 .
If we consider a Poisson equation 6) we can deal with this equation in the same manor as we did the Laplace equation. After a conformal transformation ω = f (z), we obtain the equation on the new region, i.e.
In Ref. [1] [2] [3] [4] , perturbation theory based on the conformal mapping method has been applied to solve the eigenvalue problem on general 2-dimensional regions. In this paper, we also calculate the partition function of ideal gas on general 2-dimensional regions by adopting the same approach. We will give numerical results of the partition function. Moreover the results of data fitting will be provided.
The statistical thermodynamics of the ideal gas confined in a finite domain has been widely studied. In Ref. [6, 7] , the authors calculate the size effect of ideal gases confined in a finite domain due to the wave character of atoms. For an ideal gas confined in a finite domain, there is a layer in which the density goes to zero which arises as a consequence arises as a consequence of the size effect. The boundary layer has been discussed in the Ref. [8, 9] . In Ref. [10, 11] , the authors considered the effects of boundary and connectivity on ideal quantum gases in a confined space. In Ref. [12, 13] , the authors discuss the properties of the hard-sphere gases in finite-size containers and convert the effect of interparticle hard-sphere interaction to a kind of boundary effect. In Ref. [14] , the authors analyze the difference between boundary effects on Bosonic and Fermionic systems. Due to the size effect and boundary effect, we have to consider the non-extensive effect. The general discussion on the non-extensive effect can be found in [15] . In Ref. [16, 17] , the authors discuss the mathematical basis of the boundary effects. Additionally, some related problems have also been studied. In Ref. [18] , the authors discuss the thermal and potential conductivities by considering the size effects. In Ref. [19] , the authors considered the Bose-Einstein condensation of the noninteracting bosons confined in a finite-size container. Based on the size effect, an ideal heat engine has been constructed in the Ref. [20] [21] [22] .
In Sec. 2, based on the conformal mapping method and perturbation theory, we give the eigenvalue of a point particle which moving freely and not being allowed to escape from the boundary in general 2-dimensional regions. In Sec. 3, we provide the partition function of an ideal gas in a general 2-dimensional regions based on the eigenvalue spectrum we calculate in the Sec. 2. In Sec. 4, we shall give some examples, in which the numerical results and fitting results are given, and we compare the thermodynamic quantities of the different regions. The Conclusion is given in Sec. 5.
Conformal mapping method and perturbation theory
In this section, we briefly introduce how to calculate the eigenvalue of a point particle, that is moving freely and not being allowed to escape in general 2-dimensional regions.
We consider a point particle freely moving in a general 2-dimensional region D with complex boundary, namely a problem of 2-dimensional infinite potential well. But the region D is a small deformation of another 2-dimensional region Ω of which we have an exact solution. So we can deal with this problem by way of the conformal mapping method and perturbation theory in Ref. [2] [3] [4] .
Conformal mapping
We can describe a point particle moving in a region D by using the Schrödinger equation with Dirichlet boundary condition,
For convenience, we set 2 2m = 1. We transform the region D onto region Ω by a holomorphic function, i.e.
where w = u+iv, z = x+iy. According to the conformal mapping method we mentioned in the introduction, after the conformal mapping w = f (z), we obtain the equation of motion in the region Ω, i.e.
3)
is the conformal factor, this equivalent local scaling factor after transformation.
The boundary condition can be simplified under the transformation, but at the same time, the equation of motion is no longer represented by the Schrödinger equation. The Hamilton operator transforms as
∂y 2 is Laplace operator. In order to continue our calculation of the spectrum, we require the use of perturbation theory.
Perturbation theory
In this section, based on the perturbation theory, we deal with the transformed equation (2.3).
The operator O can be written as a symmetrized form [2] ,
If the transformation we considered is a small deformation, then we can solve the problem by way of perturbation theory. For a small deformation, we rewrite the conformal factor as follows,
where σ = Σ − 1, η is a parameter denoting the order of the perturbation. Substituting Eq. (2.6) into Eq. (2.5), we expand the operator O in powers of η, i.e.
where the coefficients of each power of η,
)
10)
Using perturbation theory, we may calculate the eigenvalue of operator O, the first two order read
12)
where |n = |n x , n y is the eigenfunction of zeroth order. We consider the correction to the eigenvalue up to first order,
Based on the conformal mapping method and perturbation theory in the Ref. [2] , we obtain the perturbation expansion of the spectrum of a point particle moving in a general 2-dimensional region. The following section we will deal with the statistical problem of an ideal gas in a general 2-dimensional region based on the result attained in this section.
Statistical problem of ideal gas
We already obtained the spectrum of a point particle moving in a general 2-dimensional regions in the last section by way of the conformal mapping method and perturbation theory. In this section, we consider the statistical problem of the ideal gas.
Let us consider a system of ideal gas within a general 2-dimensional regions D. By definition we have the partition function [23] , i.e.
Substituting Eq. (2.14) into Eq. (3.1), we obtain
Furthermore, we can calculate several thermodynamic quantities using the partition function, such as internal energy U = − ∂ ∂β ln Z (β) [23] . Nevertheless, it is difficult to calculate the sum in the expression of partition function Eq. (3.2). We can adopt of numerical method to calculate the partition function in the specific case. The following, we will give some examples. 
Example
In this section, we consider some specific examples. The examples considered in the following are an exact solution-a solution with a square region, i.e. Fig. [1] , The statistical problem of the 2-dimensional ideal gas in this region can be solved precisely. We have the spectrum on the square region,
and the corresponding wave function is
We treat the result of the square region as the zeroth order when we deal with the following examples. We can obtain the partition function of ideal gas on this region, i.e.
where ϑ 3 (0, z) is Jacobi theta function [24] .
We can also calculate several thermodynamic quantities such as the internal energy using the partition function, i.e.
[23]
The specific heat of the system is given by [23] , i.e.
In the sections that follow we shall consider various cases.
Transformation of w
Let us consider the 2-dimensional regions D 1 with complex boundary, Fig. [2] where we set 
Spectrum of eigenvalue
First, we calculate the conformal factor of the transformation of w = f (z) = z + λz 2 , i.e.
Σ = df dz
then we have
Substituting σ, zero order eigenvalue Eq. (4.1) and zero order eigenfunction Eq. (4.2) into the expression of first order correction to eigenvalue Eq. (2.13), we obtain
(4.8)
Partition function
Now, we calculate the partition function of 2-dimensional ideal gas on the region D 1 . Substituting the eigenvalue into Eq. (3.2), we have
Obviously, it is hard to give an analytical result of the sum, so we can calculate the numerical result of the sum for different β (namely different temperature). We calculate the partition function by choosing remove different values of β. We list numerical results in the Tab. [1] , In principle, we can give the numerical result for different temperature. But we still give an expression of the partition function based on the table of numerical results. The perturbation calculation is based on the square region Ω, so we can set the partition function on the region D 1 as same as the form of the partition function on the square region Ω,
Taking the values from the Tab.
[1], we give the fitting value of (m, n), as m → 1.0317, n → 1.004
so we obtain the partition function of 2-dimensional ideal gas on the region D 1 ,
The internal energy of this system is given by [23] , i.e. 
We also have the specific heat of the system [23] , i.e.
0, e The effect of the thermodynamic quantities after the transformation are shown in the Fig.[3] , 
Transformation of
Let us consider the 2-dimensional regions D 2 with complex boundary Fig. [4] , where we set λ = 0.1. After conformal transformation, we map the regions D 2 onto regions Ω Fig. [1] . 
Spectrum of eigenvalue
First, we calculate the conformal factor of transformation of w = f (z) = z + λe z , i.e.
Partition function
Now, we calculate the partition function of 2-dimensional ideal gas on the region D 2 . Substituting the eigenvalue into Eq. (3.2), we have Taking the values from the Tab. [2] , we obtain the partition function of 2-dimensional ideal gas on the region D 2 ,
The internal energy of this system is given by [23] , i.e. We also have the specific heat of the system [23] , i.e. 
Spectrum of eigenvalue
First, we calculate the conformal factor of the transformation of w = f (z) = z + λ sin z, i.e. 
Same as case 1, we calculate the numerical result of the sum for different β and give the numerical results in the Tab. [3] , Taking the values from the Tab. [3] , we obtain the partition function of 2-dimensional ideal gas on the region The effect of the thermodynamic quantities after the transformation are shown in the Fig.[7] , 
Conclusion
In this paper, based on the conformal mapping method and perturbation theory, we present an approach to solve the statistical problem of ideal gas within general 2-dimensional regions. We considered some example and give numerical results. For more general case, we can state the transformation as follow:
f (z) = z + λ n z n + α n e nz + β n sin nz. Then we obtain the transformation by calculating the undetermined parameters λ n , α n and β n . Using the approach given in this paper, we are able to solve the statistical problem of ideal gas in general 2-dimensional regions.
